Abstract. We apply a differential geometric framework developed by Victor Guillemin and Miguel Abreu for Kähler toric manifolds [Gui94, Abr03] to the case of the standard linear SU(n)-action on C n \ {0}. The main results are a formula for the scalar curvature of SU(n)-invariant Kähler metrics on C n \ {0}, (II) in Theorem 2.9; and the existence 1 of a U(n)-invariant, scalar-flat, Kähler metric on C n , the blow-up of C n at the origin, which generalizes the well-known Burns metric on C 2 , [LeB91]. The results in this paper are closely related to work first done by Eugenio Calabi [Cal82] and more recently by Andrew Hwang and Michael Singer [HS02] . The main thrust of this paper is to illustrate that, in spirit of Guillemin and Abreu's work, doing Kähler geometry in symplectic (action) coordinates as opposed to holomorphic coordinates makes the formulae quite elegant and the calculations much more manageable.
The map µ is equivariant with respect to the coadjoint action Ad * of K on k * if Ad * (g) • µ = µ • ψ(g) ∀g ∈ K. A hamiltonian action is a symplectic action together with a choice of an equivariant moment map. We refer to the data (M, K, ψ, µ) as a hamiltonian K-space.
A convex polytope ∆ ⊂ R k is the convex hull of a finite number of points in R k . A face of ∆ is a set ∆ ∩ {x ∈ R k : v, x = λ} for some λ ∈ R and v ∈ (R k ) * such that v, x λ ∀ x ∈ ∆. A facet is a codimension-1 face and an edge is a 1-dimensional face. Let M be a compact, connected, 2n-dimensional hamiltonian T k -space with moment map µ : M → (R k ) * . Then by the convexity theorem for torus actions [Ati82, GS82] the image ∆ of µ is the convex hull of the images of the fixed points of the T k -action. ∆ ⊂ (R k ) * is called the moment polytope of µ.
If k = n and the action is effective then M is called a symplectic toric manifold. Delzant [Del88] showed that the moment polytopes of symplectic toric manifolds are determined by certain additional integrality criteria: (i) that only n edges meet at each vertex; (ii) the edges that meet at a vertex p are of the form p + tu i where t 0 and u i ∈ Z n ; (iii) the integral generators u i of these edges form a basis of Z n under an appropriate SL(n, Z)-transformation. Such polytopes are called Delzant polytopes. Suppose a Delzant polytope ∆ has d facets. Then ∆ is described by a set of inequalities x, u i λ i , where u i ∈ Z n , i = 1, . . . , d, are the inward pointing primitive normal vectors to the facets of ∆ and λ i ∈ R i.e. ∆ = {x ∈ (R n ) * : x, u i λ i , i = 1, . . . , d}.
Symplectic toric manifolds are completely classified by Delzant polytopes i.e. there is a bijective correspondence between these two sets given by the moment map. Let (M ∆ , ω ∆ , µ ∆ ) be the symplectic toric manifold corresponding to the Delzant polytope ∆ ⊂ (R n ) * . There is, in addition, a "canonical" T n -invariant, ω ∆ -compatible complex structure J ∆ on M ∆ and hence a T n -invariant Kähler structure ω ∆ (·, J ∆ ·) on M ∆ . With respect to this Kähler structure we refer to M ∆ as a Kähler toric manifold. This poses the questions: exactly how and to what extent does ∆ encode this additional structure?
Guillemin [Gui94] addresses these questions by considering an effective holomorphic action of the complex n-torus T n C on a Kähler manifold n-manifold and develops a local differential geometric framework for doing toric Kähler geometry on its moment polytope ∆. We review the fundamental aspect of this framework relevant to us.
Let (M, ω, J) be a Kähler toric manifold with a holomorphic action of T n C , µ : M → (R n ) * a moment map for this action and ∆ = µ(M) its moment polytope.
Let M • be a dense, open T n C -orbit in M. M • is the complex torus C n /2πiZ n ,
M • is equipped with the free action of the real n-torus T n ⊂ T n C given by
This describes the local structure of M. Let ∆ • = µ(M • ) be interior of ∆. Combinatorially,
Define affine functions
Then x ∈ ∆ • if and only if l i (x) > 0 for i = 1, . . . , d.
Let ω be a T n -invariant Kähler form on M • for (1). This action is hamiltonian with respect to ω if and only if ω = 2i∂∂ f for some f ∈ C ∞ (R n ) i.e. f = f (a) for a = (a i ) ∈ R n with respect to its standard basis, Theorem 4.3 in [Gui94] . For a choice of f denote by ω f the Kähler form it determines. Hence
It follows that the associated Kähler metric h f is given by the hessian matrix F of f ,
This is positive definite if and only if f is a strictly convex function.
With the symplectic structure ω f denote µ for (1) by
Let (µ 1 f , . . . , µ n f ) be the components of µ f with respect to the standard basis of R n such
is a hamiltonian function corresponding to the vector field
induced by the T n -action (1). By the hamiltonian condition
This shows that 
Proof. By Theorem 1.1
Since the toric (angle) coordinate changes from b → y, db → dy. Thus
One has that G = F −1 . Denote the (i, j)th entry of F −1 by F ij . Then
. . , ∂ ∂y n be bases to the tangent space of a T n C -orbit and ∆ • , respectively. The action of the standard complex structure J 0 in holomorphic coordinates is
Using Theorem 1.1
Because the toric coordinate b → y,
since J is a linear map. Hence
and we obtain the matrix of the given form.
Thus, Guillemin's set-up provides us with a means of encoding the metric data on M • given originally in terms of holomorphic coordinates (a, b), into terms of symplectic (action-angle) coordinates (x, y) on ∆ • × T n , through the Legendre transform µ
In [Gui94] Guillemin also introduces the function
The particular form of this function guarantees that it's convex and smooth on ∆ • and becomes singular on the boundary. It is the Legendre dual of the Kähler potential f that defines the "canonical" T n -invariant Kähler metric on M • . Using Guillemin's construction one can construct any other T n -invariant metric on M purely from the combinatorial data on ∆ employing such functions g ∈ C ∞ (∆ • ). Those g whose Legendre duals f define T n -invariant Kähler metrics can be regarded as "potentials" for complex structures on M in analogy to the Kähler potentials f for symplectic structures on M. Abreu [Abr03] provides a '∂∂-lemma for complex structures' of sorts
is determined by a smooth function
is positive definite on ∆ • and
where δ(x) is a smooth, strictly positive function on ∆.
Conversely, any such g determines a compatible T n -invariant complex structure on (M ∆ , ω ∆ ).
The condition that G be a positive definite matrix follows from the fact that the underlying riemannian metric defined by g is to be positive definite. This implies that g must be a strictly convex smooth function on ∆ • . Such a g ∈ C ∞ (∆ • ) is called a symplectic potential on ∆ • . For the "canonical" example of a T n -invariant complex structure h = 0.
Abreu [Abr98] also applies Guillemin's ideas to formulate a nice expression for the scalar curvature of T n -invariant Kähler metrics. 
where G ij is the (i, j)th entry of G −1 .
A non-abelian group action
Let (M, ω, J) be a Kähler n-manifold. Define the scalar curvature S J of a Kähler metric ω(·, J·) by
where Θ J is the Ricci form with respect to the complex structure J. Consider the linear Kähler manifold C 2 \ {0} with the standard SU(2)-action. Let the local coordinates be z = (z 1 , z 2 ). If one were interested in computing scalar curvature of Kähler metrics on C 2 the straightforward Kähler geometry approach would be to work in the coordinates z = (z 1 , z 2 ) and derive the scalar curvature by using its standard definition as the trace of the Ricci tensor as given by (7). Let us do this. A Kähler metric on C 2 can be written
for a real valued function f = f (z 1 , z 2 ). Let the associated Kähler form be
The Kähler potentials of SU(2)-invariant Kähler metrics are functions of the form f = f (s) where s = |z 1 | 2 + |z 2 | 2 is the square of the radius of the SU(2)-orbits. Then
and
Not all functions f (s) determine SU(2)-invariant Kähler metrics on C 2 \ {0}. The condition that h ij be positive definite dictates that those f (s) that determine such metrics satisfy
This follows from the condition that the eigenvalues of (8) be positive.
REMARK 2.1. A similar point of view was taken by Calabi, (3.3) in §3 of [Cal82] where, due to his more astute choice of variable parameterizing the SU(2) orbits, s = log s, his positive definiteness condition was simply
It's straightforward to verify that (9) follows from (10), and vice versa, under the change of the variable s to s.
If ω is the Kähler form associated to (8) then it follows that
The Ricci form of (8) is
where
Hence we deduce that
In terms of the Kähler potentials f this is the fourth order, nonlinear ODE
where we have introduced normalization factor of a half.
EXAMPLE 2.2. Let us compute the scalar curvature of the Fubini-Study metric on CP 2 . This has Kähler potential
The SU(2)-invariant metrics on C 2 \ {0} we considered above are also invariant under U(2) and in particular under T 2 ∼ = U(1) × U(1) ⊂ U(2). We conclude from this observation that it is viable to employ Guillemin-Abreu theory for this standard linear SU(2)-action. Set ζ j = log z j where ζ j = α j + iβ j , j = 1, 2.
We have |z 1 | 2 + |z 2 | 2 = e ζ 1 e ζ 1 + e ζ 2 e ζ 2 = e 2α 1 + e 2α 2 . As in the previous section let s = e 2α 1 + e 2α 2 parameterize the SU(2) orbits so that once again the invariant metric have Kähler potentials f = f (s).
Now we invoke the Guillemin-Abreu theory that was introduced in the previous chapter. Applying the Legendre transform gives
Consider now the following equations
e 2α 2 and
for some function γ = γ(s). Let h be the inverse function to γ, then 
The Legendre dual of f is given by (3) in Theorem 1.1. We've established above that
and hence
with
where we have set t = x 1 + x 2 .
REMARK 2.3. The moment polytope for the standard T 2 -action on C 2 is the positive orthant R 2 0 in R 2 with symplectic (action) coordinates (x 1 , x 2 ). When we extend to consider the SU(2)-action this introduces the third 'coordinate' t = x 1 + x 2 . So the space on which the functions g are defined is again just R 2 0 . The function F = F(t) is a smooth function on R 2 0 and we call F(t) the t-potential of g since it is the 't-part' of the symplectic potential g. The hessian matrix of g is
It follows from the discussion in the previous section that G must be positive definite. This in turn implies that
and, furthermore, this condition is also sufficient i.e. only functions of the form F(t) that satisfy this property determine SU (2) The inverted hessian of g is
Applying Abreu's scalar curvature formula (6) gives
Substituting these expressions into Abreu's formula we obtain
which, after the substitution y = F ′′ , is
It turns out that this is an unnecessarily complicated guise of an otherwise quite tidy expression.
PROPOSITION 2.5. The scalar curvature of the Kähler metric defined by (8) is given by
We now consider examples of some well known metrics on C 2 \ {0}. Let
EXAMPLE 2.6 (FLAT METRIC). The standard flat metric on C 2 is U(2)-invariant and has
Kähler potential f C 2 (s) = s/2. Using Proposition 2.4 the symplectic potential for this metric works out to be
which means F C 2 (t) is the linear function −t, hence S(g C 2 ) = 0 because all higher derivatives vanish.
EXAMPLE 2.7 (FUBINI-STUDY METRIC).
Consider the standard Fubini-Study metric on the projective plane CP 2 . The symplectic potential for this metric is
See Lemma 2.10 for a proof of this. This implies that
This is exactly what we obtained using (11) in Example 2.2.
EXAMPLE 2.8 (BURNS METRIC).
Recall that there exists a T 2 -invariant, scalar-flat Kähler metric on the variety C 2 (C 2 blown-up at the origin), called the Burns metric. The symplectic potential for this metric is given by
Away from the origin in C 2 the metric determined by the potential g C 2 (x) is a metric on C 2 \ {0}. We know that this metric is scalar-flat so it provides us with an ideal candidate to test (II ′ ). Substituting t = x 1 + x 2 in (18) we the get the t-potential to be
The higher derivative of F C 2 (t) is
We substitute this into (II ′ ) i.e.
Propositions 2.4 and 2.5 hold true for arbitrary dimension. Consider the standard SU(n)-action on C n \ {0}. The orbits of this action are (2n − 1)-spheres. Let (z 1 , . . . , z n ) be holomorphic coordinates on C n \ {0}. Let
An SU(n)-invariant Kähler metric on C n \ {0} will be of the form
Repeating the construction of n = 2 we obtain symplectic (action) coordinates (x i ), i = 1, . . . , n on the positive orthant R n 0 , which corresponds to the moment polytope for the standard T n -action on C n . One simply has to work through the algebra and extend the identities already derived earlier to the n case. This results in THEOREM 2.9. The Kähler metric on C n \ {0} defined by (20) has a symplectic potential given by
such that
and its scalar curvature is given by
Conversely, any function of the form (21) on R n 0 with (22) satisfying
determines such a Kähler metric.
For a proof of this theorem see the appendix. Let's consider some examples. Consider the standard flat metric on C n give by f C n (s) = 1 2 ∑ n i=1 |z i | 2 = s/2. So t = 2s f ′ = s and s C n (t) = t. Hence, using (22) we have
Note that F ′′ C n (t) = 0 > −t −1 thus satisfying (23). Next we verify that the scalar curvature of the Fubini-Study metric on CP n is constant.
LEMMA 2.10. The t-potential of the Fubini-Study metric on CP n is
Proof
so that (50) shows that
Hence by (22)
Again, F ′′ CP n (t) = −(t − 1) −2 > −t −1 since 0 < t < 1, thus satisfying (23). Substituting F CP n (t) into (II) shows that COROLLARY 2.11. The Fubini-Study metric on CP n has scalar curvature n(n + 1).
The Burns metric on C 2 is the restriction of the standard product metric on the ambient space C 2 × CP 1 . We refer to the restriction of the standard product metric on C n × CP n−1 to C n as the generalized Burns metric. In light of this, we are led to ask: Is the generalized Burns metric on C n also scalar-flat? It turns out that the answer to this question is no. To see this we need LEMMA 2.12. The t-potential of the generalized Burns metric is
Proof. C n ⊂ C n × CP n−1 . The Kähler potential of the generalized Burns metric on the patch
The choice of e 2α p is arbitrary. Without loss of generality we can choose α p = 0. Hence
Using (50), s(t) works out as s C n (t) = t − 1.
Thus (22) shows that
Finally, we check that F ′′ C n (t) = (t(t − 1)) −1 > −t −1 since t > 1. Therefore (23) is satisfied.
Substituting (26) into (II) shows that the scalar curvature of the generalized Burns metric on C n is
So when do t-potentials of this form give rise to SU(n)-invariant scalar-flat Kähler metrics of this form? Setting s(g C n ) to zero gives the quadratic
whose solutions are n = 1 and n = 2. Thus
COROLLARY 2.13. The generalized Burns metric on C n is scalar-flat in and only in dimensions 1 and 2 i.e. regarding C n as a hypersurface in C n × CP n−1 , the restriction of the standard ambient product metric on this space to C n is scalar-flat in and only in dimensions 1 and 2.
The dimension 1 case is trivial (cf. Remark 3.3). The dimension 2 case is related to the theory of twistor spaces and self-duality. Given an oriented Riemannian 2n-manifold M, the twistor space T (M) of M is defined to be the total space of the bundle of metriccompatible, oriented almost complex structures on M. When n = 2, T (M) is an almost complex 3-manifold i.e. an oriented Riemannian 4-manifold with a S 2 ∼ = CP 1 -fibration. Let J T be an almost complex structure on T (M). A theorem of Atiyah, Hitchin and Singer shows that J T is integrable if and only if M is an anti-self-dual 4-manifold i.e. a 4-manifold with a metric of zero self-dual Weyl curvature, [AHS78] . It's also known that a Kähler surface is anti-self-dual if and only if it is scalar-flat, [Ito84] . The twistor space of C 2 with the Burns metric is the complement of a line in the complete flag variety F(C 2 ) of C 2 . REMARK 2.14. Corollary 2.13 does not imply that there does not exist an SU(n)-invariant, scalar-flat Kähler metric on C n . Indeed we may use the ODE of Theorem 2.9 to address this much more general question. We do so in §3. REMARK 2.15. In [Cal82] Calabi addressed similar questions to ones that we have discussed so far. In §3, pp.278-288 of [Cal82] , he constructed extremal Kähler metrics (of nonconstant scalar curvature) on projective line bundles over CP n−1 . In constructing these metrics he derived a scalar curvature formula, (3.9) in §3 of [Cal82] , for Kähler metrics on C n \ {0} (considered as an open set in these bundles) invariant under U(n) (the maximal compact subgroup of the group of complex automorphisms of these bundles). This was
and the ray variable is
(cf. Remark 2.1). The point is that using the symplectic (action) coordinates (x 1 , . . . , x n ), (29) becomes of the extremely simple form (II). Abreu pointed this out for the case n = 2 in §6 of [Abr98] , where he worked out Calabi's simplest example, the blow-up CP 2 #CP 2 of CP 2 , using Guillemin-Abreu theory.
We now employ Theorem 2.9 to formulate and solve second order ODE's for certain kinds of SU(n)-invariant Kähler metrics on C n \ {0}. By 'solve' we mean solve for F ′′ (t) not F(t). We consider two cases: zero scalar curvature and constant scalar curvature.
For zero scalar curvature (II) gives the ODE (II)= 0, which gives t n+1 y (1 + ty)
Hence
which after some rearrangement gives the general solution
where A and B are constants. For constant scalar curvature we get the ODE (II)= 1, which gives t n+1 y (1 + ty)
which under some rearrangement gives
.
A scalar-flat Kähler metric on C n
Does there exist an U(n) (hence T n and SU(n)) -invariant, scalar-flat, Kähler metric on the blow-up of C n at the origin? It seems viable that an application of (II) in Theorem 2.9, in particular a solution to the ODE (30), will reveal an answer to this question. We need to find the appropriate boundary conditions that such a metric should satisfy. In other words, we have to find the appropriate constants A and B in (30) because they dictate the relevant metric behavior near the blow-up i.e. as t → 1 from above.
Since the Kähler metric we seek is T n -invariant we shall employ Guillemin-Abreu theory, in particular Theorem 1.3, to find our boundary condition. The Delzant moment polytope ∆ C n corresponding to C n is the positive orthant R n 0 with the vertex p = (0, . . . , 0) replaced by the n vertices p + x i , i = 1, . . . , n. As a result ∆ C n has (n + 1) facets. Let
be the affine functions corresponding to these facets i.e.
That is, each affine function determines a hyperplane in R n and these hyperplanes together trace out the boundary of ∆ C n . The interior of ∆ C n is
Let g C n (x) be the symplectic potential of the metric we seek. By Theorem 2.9,
where F C n (t) is the t-potential of g C n (x). Furthermore, for g C n (x) to determine a scalar-flat Kähler metric, F C n (t) must be of the form (30). By (51), the determinant of the hessian
By Theorem 1.3, det G −1 C n should be of the form
with l i as given by (31), (32), and δ(x) should be a smooth, positive function on the whole of ∆ C n . Writing (33) as
gives us the appropriate form of det G −1 C n . We now have to find the correct A, B in (34) so that it satisfies the condition of Theorem 1.3. In its current form, δ C n (x) becomes singular at the boundary i.e. when t → 1. Also, 2 n t −n > 0 and smooth. Therefore A, B must be such that
for t ∼ 1. Let t = 1 + ǫ for small ǫ > 0. Then
Hence n − A = 1 and 1 − (A + B) = 0 and we get
It follows that
(36) is clearly smooth and positive on the whole of ∆. In particular, at t = 1, (36) is unity. Hence,
As a result
such that n > 1. We need to make sure that F ′′ C n (t) is non-singular for t > 1 i.e. t n − (n − 1)t − 2 + n = 0 if t > 1. From (36) we have
and this is zero if (t − 1) = 0 or if
It's clear that, for t 1 and n > 1,
It follows that (37) is non-singular for all t > 1 and hence we have 
We refer to the metric determined by the symplectic potential (38) as the Burns-n metric. The case n = 2 is special since in that case the metric on C 2 determined by (38) is just the restriction of the product metric on C 2 × CP 1 . In other words, the Burns metric on C 2 coincides with the Burns-2 metric. The crucial point is that for n > 2 the Burns-n metric on C n is not the restriction of the standard product metric on the ambient space C n × CP n−1 . In fact, it follows from Theorem 3.1 and Lemma 2.12 that COROLLARY 3.2. The Burns-n metric on C n ⊂ C n × CP n−1 determined by Theorem 3.1 is the restriction of the standard product metric on C n × CP n−1 when and only when n = 1, 2. REMARK 3.3. Let us briefly say something about the Burns-1 metric. This is just the standard flat metric on C since blowing up C at the origin just gives us C back. Combinatorially, the blow-up means that the polytope changes from [0, ∞) to [1, ∞). For t = x 1 , using Theorem 3.1 and (38), we get the symplectic potential g C (x) = (x 1 − 1) log(x 1 − 1) − x 1 + 1. Hence, by Theorem 2.9 and (24), we indeed do get the flat metric.
Behavior of the Burns-n metric away from the blow-up
Let d = (δ ij ) be the standard flat euclidean metric on C n \ {0}. Then a Kähler metric h on a non-compact Kähler manifold is called asymptotically euclidean (AE) if h approximates d
where r is the radius variable of C n \ {0}. See [Joy00] . Consider the Burns metric on C 2 . Working in holomorphic coordinates s = r 2 = |z 1 | 2 + |z 2 | 2 , we have the Kähler potential of this metric given by f C 2 (s) = (s + log(s)) .
Then, by (8), the corresponding hermitian metric is
We have lim Alternate proof. In symplectic coordinates t = x 1 + x 2 , the symplectic potential g C 2 of the Burns metric h b is given by (18). Let G C 2 be the hessian of g C 2 . By Lemma 1.
C 2 ). Let y 1 , y 2 be the toric coordinates. By Example 2.6, (15) and (17), the standard flat metric in the symplectic coordinates (x, y) is
or equivalently
Using (19), (15) and (17) the hessian of (18) and its inverse are
where P is a 2 × 2 matrix of 1's and
We have to choose the appropriate coordinates with respect to the flat metric (41) so we get the standard form of the flat metric. Set λ i = 2x i cos y i , and
In the symplectic coordinates (x, y) the component (42) of h b can be written
We find that in the (λ, µ) coordinates this becomes
corresponds to the variable t. To see the asymptotic behavior, we have
Meanwhile, for the component B,
Hence the Burns metric on C 2 is AE. In light of the discussion above we claim that PROPOSITION 3.5. The Burns-n metric on C n is AE.
Proof. Let (y 1 , . . . , y n ) be the toric coordinates. By (24), and Lemmas 3.6, 3.7 and 1.2 its clear that the flat metric on C n \ {0} is given in the symplectic coordinates (x, y) by
Using Lemmas 3.6 and 3.7, the (i, j)th entries of the hessian matrix of (38) and its inverse are
respectively. By the Guillemin-Abreu construction, the Burns-n metric is given by the 2n × 2n matrix
It's straightforward to see that (46) can be written as the sum
where P is now an n × n matrix of 1's. This gives us the upper left block of h B . For (47), the coefficient term is 2(1 + tF
hence the off-diagonal terms of G −1
Note that in (47) the term
Hence the diagonal terms in G −1
which using (48) gives
Thus we have that the inverted hessian matrix of (38) splits into
This gives us the lower right block of h B . Therefore we have
Denote the component diag(A, C) by
Now we use the flat metric coordinates (λ, µ). Set
Then the flat metric (45) becomes of the standard form
The component E = diag(A, C) of h B in these (λ, µ) coordinates is given by
is the variable t in the (λ, µ) coordinates. Since
For the other component
Thus we get asymptotic euclidean behavior of h B we had anticipated.
Appendix: Proof of Theorem 2.9
Working in logarithmic coordinates, Kähler potentials of SU(n)-invariant Kähler metrics are of the form f = f (e 2α 1 , . . . , e 2α n ).
The Legendre transform associated to f gives
inverting which allows us to express s as a function of t, s(t). Using
we obtain n simultaneous equations for the n variables which we solve to give
which simplifies to
and is a smooth function on R n 0 . To derive a formula for the scalar curvature of the Kähler metric (20) we start by observing that the hessian matrix of the function g(x) given above is a kind of 'pseudo-diagonal' matrix, of a particularly nice form: the entries on the main diagonal are different while all the other entries are identical. This allows us to contemplate calculations involving inverting an n × n matrix. We formalize this in the following two lemmas: 
Proof. The (i, j)th entry of the hessian matrix of a function F(x 1 , . . . , x n ) is
since r is linear in x 1 , . . . , x n . A similar argument for second derivatives shows
On the other hand, for the term
it's straightforward to see that
LEMMA 3.7. The (i, j)th entry of the inverted hessian matrix of the function g(x) is
Proof. We need two things to work out the inverse of G = Hess(g(x)): the determinant and the cofactors of G. The determinant of a matrix of the form
were the notation j means we omit the jth term from the product. This can verified by an inductive argument. Hence
The cofactor of the (i, j)th entry of such a matrix is and applying the previous two expressions for the determinant and the cofactor give the (i, j)th entry of the inverse matrix as indicated.
For G being positive definite det G > 0. Hence
Thus
It's quite straightforward to see that (23) is also a sufficient condition i.e. for G to be positive definite, x t Gx > 0 where x = (x 1 , . . . , x n ) is a vector in R n 0 . This calculation once again leads to (23).
We now apply Abreu's formula to the expression for G ij in Lemma 3.7. To simplify this calculation we use the shorthand F ′′ = A and (1 + tA) = B. Thus
Furthermore, note that 
